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Abstract 
We define the Mahler measure  of a polynomial  to be the absolute value of the 
product of the leading coefficient and the roots outside the unit circle.  For a non zero algebraic 
number  we define the Mahler measure of  denoted by , to be the Mahler measure of an 
irreducible polynomial  with integer coefficients and . Then the absolute 
logarithmic Weil height,  of  is given by  
 
In 1933, D.H. Lehmer asked does there exist a positive constant  such that  
 
when  is not a root of unity? 
For an algebraic number  which is not a root of unity but which lies in a cyclotomic 
extension Amoroso & Dvornicich have established an even stronger (i.e. degree independent) 
lower bound 
 
Here we improve this bound to show that the height of a nonzero algebraic number which is not 
a root of unity but which lies in a cyclotomic extension must satisfy . For 
certain cyclotomic extensions we obtain the best possible lower bound  
 
Further, we show that the height of a nonzero algebraic number  which is not a root of unity but 
is a zero of a polynomial of degree  with all odd coefficients must satisfy  
 
More generally we obtain bounds when the coefficients are all congruent to 1 modulo  for 
some integer  
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CHAPTER 1 - INTRODUCTION 
This thesis is about the absolute logarithmic Weil height of algebraic numbers and the 
Mahler measure of polynomials. We show here a lower bound for the height of a nonzero 
algebraic number which is not a root of unity but which is in a cyclotomic extension, and a lower 
bound for the height of an algebraic number which is a root of a polynomial with all odd 
coefficients. Also we will state some interesting research problems. We discuss the absolute 
values and valuations on a field  and state some preliminary theorems on algebraic number 
fields in Chapter 2. 
Let  be a polynomial with complex coefficients. We define the Mahler measure of 
 denoted by  to be the absolute value of the product of the leading coefficient and the 
roots outside the unit circle. That is, if we write  as   
 
where  is the leading coefficient and the  are the roots of  then  is expressed as 
 
Let  be an algebraic number and suppose that  is a root of an irreducible integer polynomial 
 
then we define the Mahler measure of  to be  and the absolute logarithmic Weil 
height  of  to be  
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For  we have . By the result of Kronecker (Theorem 3.1.3) we have 
 if and only if  is a product of a power of  and cyclotomic polynomials. The 
smallest known Mahler measure greater than 1 is given by Lehmer’s Polynomial, 
 
which is , discovered by D.H. Lehmer.  
In 1933, D.H. Lehmer [18] asked the following question. 
Does there exist a sequence , of noncyclotomic polynomials with integer coefficients such 
that the Mahler measure of the polynomial  can made arbitrarily close to 1? It is widely 
believed that the answer to this is No. Equivalently, any irreducible noncyclotomic polynomial 
 with  satisfies  for some constant . This is known as 
Lehmer’s Problem. Lehmer’s problem can be equivalently stated in terms of absolute 
logarithmic Weil height of an algebraic number as follows: 
For a nonzero algebraic number  which is not a root of unity, does there exists a positive 
constant  such that  
 
where  is the degree of the minimal polynomial of ? 
A number of special cases of Lehmer’s problem have been proved (we will discuss these in 
Chapter 3). The most relevant to this thesis are the following three cases (a), (b) and (c). We will 
show how the result in (b) can be obtained in a straightforward manner in Chapter 3 and in 
Chapter 4 we will show how to obtain the results of (c). Both these results will be improved. 
 
(a) If  lies in a Kroneckerian field (totally a real number field, or a totally quadratic 
extension of such a field) and  then Schinzel [24] showed that  
 
J.Garza [11] made a generalization of this result. G. H hn & N.P. Skoruppa [14] gave 
a one page proof for Schinzel’s result in the case of totally real algebraic integers, and 
 3 
then G. H hn [15] gave a shorter proof for Garza’s results for algebraic integers. In 
Chapter 3 Lemma 3.5.5 we show how the G. H hn & N.P. Skoruppa method can be 
used without the need of the extra restrictions. 
 
(b) If  lies in an abelian extension of the rationals (i.e.  lies in some cyclotomic 
extension, by the Kronecker-Weber Theorem) Amoroso and Dvornicich [1] 
proved the bound 
 
We give an improvement of this in Theorem 2 below and we discuss this more 
precisely in Theorem 3.7.2 of Chapter 3.  
 
(c) For an integer  , let  If 
 is a zero of a polynomial  in  of degree , but not a  root of 
unity,  
 
with   and  for  
,  
This result is due to Borwein, Dobrowolski and Mossinghoff [4] and was improved in [9] 
with  and for small  
 
   
. 
We also show improvements of this in Theorem 3 (we discuss more precise results in 
Chapter 4).  
We make two main observations. First observe that results in (a) and (b) are significantly 
better than a Lehmer type bound since these two height bounds do not decrease with degree. The 
 4 
second observation is that in (c) we get a Lehmer type bound if the polynomial is irreducible and 
a Lehmer type absolute lower bound for  if a certain proportion of the roots are 
noncyclotomic.  
Recall that  is abelian if it lies in some cyclotomic extension extension  (where 
 is the primitive mth root of unity). Amoroso & Dvornicich [1] observed that for a nonzero 
algebraic number  which is not a root of unity which lies in a cyclotomic extension , the 
lower bound for the absolute logarithmic Weil height cannot be replaced by anything larger than 
 
To be explicit by writing 
 
 
(  is a root of   ) we see that all the roots of  , namely  
for  and , lie in .  Thus we achieve the smallest know abelian height,  
 
in . Suppose that  and that  for any , then Amoroso & Dvornicich 
obtain the stronger result that,  
 
This bound is sharp as shown by the examples,  
 
 
 
For an algebraic number  in a cyclotomic extension  (where  is the primitive 
mth root of unity) we may plainly assume that  is minimal. Moreover if  for any root 
of unity  we get . Therefore it often convenient to assume that:  
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Property (1.1.1): There does not exist a root of unity  such that  with .  
 
If the property (1.1.1) does not hold then we should work with  rather than .  
Thus from Amoroso & Dvornicich [1], if  has height less than 
  and satisfies property (1.1.1) one must have .  We show any height 
less than  and satisfying property (1.1.1) must have . 
The main results of this thesis are summarized in the following three theorems. 
 
Theorem 1 
Let , , and  is not a root of unity. If   and that  for 
any integer . Then  
 
More precisely in Theorem 3.7.1 of Chapter 3, we will give refinements classifying the small 
heights when  and .  
Amoroso & Dvornicich also showed that a height less than 
 
 must have .  We show in the next theorem that there is no height this small and further 
show that any height less than   must have :  
 
Theorem 2 
Suppose that , , and  is not a root of unity then  
 
If  has height 
 
then we must have . If in addition property (1.1.1) holds then . 
 6 
 
Theorem (3) 
 If  is a zero of a polynomial  in  of degree  and  is not an  
root of unity (not an  if ), then result in (c) above holds with  
, 
and  
 
For small  we obtain, 
    
  
 . 
We give an asymptotically more precise bound on  in Theorem 4.1. In Theorem 4.2.1 
we show the optimal  is at most 0.481211…. 
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CHAPTER 2 - ABSOLUTE VALUES AND VALUATIONS 
2.1 Absolute Values 
Definition 2.1 
Let  be a field. We say the map    
is an absolute value on  if the following three properties are satisfied. (i)  if and only if   (ii)  (iii)  
 
Immediately we get   on , defined by  
 
 
is an absolute value on , and is called the trivial absolute value on . All the other absolute 
values defined on  are said to be nontrivial. 
An absolute value  on  defines a group homomorphism from the multiplicative group 
 to , the multiplicative group of positive real numbers. Since  is a group 
homomorphism it follows that  (i)  and more generally if  , where  a root of unity then   (ii) . 
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Definition 2.1.1 
An absolute value,  is said to be non-archimedean if for all  property (iii) can 
be strengthened to  
which is called the strong triangle inequality or ultrametric inequality. We say an absolute value 
is archimedean if there exists a pair    such that  
 
Since an absolute value  induces a metric topology on  through the map  
 
defined by 
 
we say any two absolute values on  are equivalent if they induce the same metric topology on 
. Let us denote the set of all non trivial absolute values on  by , then this defines an 
equivalent relation on  and an equivalence class of  is called a place. We denote the 
set of places (equivalence classes of ) of   by . If an absolute value is archimedean then 
all other absolute values which are in the same place (equivalent ones) are also archimedean and 
an archimedean place is also called an infinite place. If an absolute value is nonarchimedean then 
all the equivalent ones are also nonarchimedean and a nonarchimedean place is also called a 
finite place. 
In  we define,  
 
 
 9 
The following theorems are the results of Propositions 1-3-1 and 1-3-3 of [30] which defines and 
characterizes nonarchimedean absolute values on a field . 
 
Theorem 2.1.3 
Let  be an absolute value on . Then  is non-archimedean if and only if 
. 
 
Theorem 2.1.4 
If  be a non-archimedean absolute value on   and if  for , then 
. 
 
Theorem 2.1.4 gives the following immediate result. 
 
Suppose , then 
 
   
In order to characterize the equivalent absolute values we go for the following theorem 
which can be deduced from Theorem 1-1-4 of [30]. 
 
Theorem 2.1.5 
If  are two non-trivial absolute values on , then the following are 
equivalent. 
(i)  induce same equivalent metric topology on   
(ii) For all        
(iii)  in   with  . 
 10 
The weak approximation theorem stated below, derived from Theorem 3.1 in Chapter 2 
of [6], is one of the tools used in proving an important Theorem, (Theorem 2.4.8) in this Chapter. 
 
Theorem 2.1.6 (The Weak Approximation Theorem) 
Let  be pairwise inequivalent absolute values on . Let 
 be any arbitrary elements in  and let . Then there exist an  such 
that simultaneously 
 
Theorem 2.1.6 is closely related to the “Chinese Remainder Theorem” of elementary number 
theory. 
Suppose that  is a nonarchimedean place of  containing the absolute value ,  
now define 
 
 
 
From Theorem 2.1.5 it follows that the sets  are independent of the choice of any 
absolute value  in , but only depend on . By the properties of the nonarchimedean absolute 
value , it is easy to see that  is an integral domain with 1; it is called the valuation ring at  
 or the ring of integers at . Also  is a prime ideal (and the unique maximal ideal) in  ; it 
is called the prime ideal at . Then clearly  is the multiplicative group of invertible elements 
(group of units) of   ; it is called the group of units at . 
We note that  
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Since  is the unique maximal ideal in , we obtain  
is a field and it is called the residue class field at . 
Note that for an archimedean place , the sets  can be defined as the 
closed unit disk, the open unit disk and the unit circle respectively but we will not discuss the 
structures of these sets. In the next section we will set another way through valuation to look at 
the nonarchimedean places. 
 
2.2 Valuations 
 
Definition 2.2 
Let  be a field. A valuation is a function 
 
such that (i) , (ii) , (iii) . 
 
Let  be a nonarchimedean place of  and let  a nonarchimedean absolute value 
on .  Define 
, so that  .  
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It is easy to see that this defines a valuation on  and there is a 1-1 correspondence 
between the set of nonarchimedean absolute values on  and the set of valuations on .  
Recall the equivalence relation defined on absolute values. Connecting with valuations we say 
two valuations  are equivalent if and only if the corresponding absolute values  and 
 are equivalent. By Theorem 2.1.5,  if and only if . 
Now without any confusion we write  when  and . In terms 
of valuations we rewrite the sets   as   
 
 
 
and these are independent of the choice of . 
 
Any  defines a group homomorphism 
 
from the multiplicative group  to the additive group of the real numbers. Thus the image 
 
is a subgroup of  and called the additive value group of .  
If   then  for some  
 
an order isomorphism. Any subgroup of  is either discrete or dense in  and any discrete 
subgroup is either trivial or infinite cyclic. Since this does not depend on ,  is said to be 
discrete or non-discrete according to  is discrete or non-discrete in . For a non trivial 
discrete place  there exist  a unique normalized valuation such that . 
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Let  , then any  can be expressed as  
 
where  the exponent of  in the factorization of  (called the ordinal of  at ). 
Define the function 
 
such that 
  and  , 
then 
 
is a normalized valuation on   and  is a nonarchimedean absolute value on . Thus 
for   define the normalized  absolute value by 
 
. 
Observe that for two distinct primes  we have 
 
 So each prime  we have  a nonarchimedian absolute value on  and gives a set of 
inequivalent nonarchimedian absolute values on . The ordinary absolute value 
 
is an archimedean absolute value on  and we denote the place which  determines by . By 
a theorem of Ostrowski we observe that these are all the inequivalent absolute values of   Now 
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we record this result, the set of inequivalent nontrivial absolute values equivalently saying the set 
of places of  in the following theorem deduced from Theorem 1-4-1 in [30]. 
 
Theorem 2.2.1 
Let   be the set of places of , then 
 
Let  be the absolute value corresponding to each place . Then for any  we 
have  and  
 
 This is called the product formula for . 
 
Now immediately from the product formula we get  
 
For each place  the sets  are  
 
 
 
and the residue class field 
 
 15 
2.3 Extensions and Completions of Absolute Values  
 
In this section we would like to study the connection between absolute values of a field 
and its extension field.   
Let  be fields and  (  is an extension field of ). Let  be an absolute value 
on  belonging to the place , then it is clear that the restriction of  on  is an 
absolute value on . Note that there exists a one to one correspondence between the absolute 
values  in  and the absolute values  in . We say  is an extension of  to  or  is a 
restriction of  on  and we denote this correspondence by  . Since 
the place  leads to a full place  on  and the one to one correspondence between the set of 
places  of  to the set of places  of , it is immediate that  is archimedean 
(nonarchimedean) if and only if  is archimedean (nonarchimedean). Again for the 
nonarchimedean case writing , , , , and  we get the residue class fields 
 
 
Therefore the canonical mapping  
 
given by  
 
is a monomorphism thus   is an inclusion.  
Now we define  
 
the degree of  over , or the residue class degree of  at , and  
 16 
 
which is called the ramification index of  over . 
 
Completion 2.3.1 
 
We say that  is complete if  is a complete metric space with respect to the metric 
topology induced by the absolute value . Let  be a field and let  be an absolute value 
define on  then we say the pair  is a completion of the pair  if and only if  (i)  is complete with respect to , (ii) There exists an isometric isomorphism of  onto a dense subfield of . 
We ask the question for a given field  and an absolute value  does there exist a 
completion? The following theorem derived from Theorem 1-7-1 of [30] gives the existence and 
the uniqueness of the completion of a pair . 
 
Theorem 2.3.1 
Let  be a field with absolute value . Then there exist a completion   of 
 and it is unique up to isomorphism. If  and  are both completions of 
 with isomorphisms , then there exists a unique isomorphism  
 
which is an extension of the identity map  
  such that  . 
Immediately for the nonarchimedean case if  is a completion of  then  
is dense in  and for any  there exist  such that . 
 17 
 
implies that  and , which leads to the proof of the following Lemma obtained 
from Proposition 1-7-5 of [30]. 
 
Lemma 2.3.1 
Let  is a completion of  with a nonarchimedean place , then  
 
Thus from lemma 2.3.1 we get  
 
and  
. 
Let   be a discrete valuation of . Let   such that  then  
called as a prime element of  with respect to  or a local uniformizing parameter. We note that 
if  the corresponding nonarchimedean absolute value of  then  
 
and  
 
For each integer  ,   
is an ideal of   and if    then . In fact it is easy to show 
that  is a principal ideal domain and in particular is a unique factorization domain with  as its 
only prime element. 
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For the archimedean case the following theorem stated as Theorem 1-8-3 of [30], 
characterizes the completion. 
 
Theorem 2.3.2 (Ostrowski) 
Let  be a field which is complete with respect to an archimedean absolute value 
 and . Then there exist an isomorphism  of  onto either  such that 
 
where  is the infinite place determined by the usual absolute value . 
 
In the case of rational number field , for each place  
 
there exist a unique completion  such that  and when ,  is 
called the set of  or the . 
 
2.4 Absolute Values on an Algebraic Number Field 
 
Definition 2.4 
Let  be a field with an absolute value  and Let  be a vector space over the field . 
Then the function  is a norm if the following three properties are satisfied. (i)  (ii) For all   (iii)    For any    and    
If    is a norm on , then  is a metric space with respect to the norm given by  
 19 
 
thus induces a metric topology. We say two norms are equivalent if they induce the same 
topology. If  are two equivalent norms on  then there exist two positive constants 
 such that for all ,  
 
Suppose  is a finite dimensional vector space over  with basis  then we define the 
canonical norm or the sup norm,  as  
. 
We note here suppose  is a field and let  is a nonarchimedean absolute value on . Then for 
, and for  define 
 
Then  is a nonarchimedean absolute value on  (coinciding with  on ). In particular we 
can take . 
 
Theorem 2.4.1 
Let  be a finite dimensional vector space over a field  and let  be complete with 
respect to an absolute value . Then any two norms  on  are equivalent and  
is complete with respect to the metric induced by the norm. 
Theorem 2.4.1 is stated as Lemma 2.1 in Chapter 7 of [6]. 
 
Suppose  finite galois extension and  an absolute value on . By the above 
theorem there exist a unique extension , of  to  and if  then  defined by  
 
is also a an extension of  to . Thus  implies  
 20 
 
and for each , 
 
Hence we get  
 
 
Now we need an understanding of how an absolute value can be extended in a finite 
extension of a complete field . The following theorem, Theorem 1.1 of Chapter 7 in [6] tells us 
there is a unique way to extend an absolute value on a complete field. 
 
Theorem 2.4.2 
Let  be a complete field with respect to an absolute value  and let  a finite 
extension of degree  ( i.e  ). Then there exists a unique absolute value  on , that 
extends  on . It is given by  
 
for all  and   is complete with respect to the metric topology induced by . 
 
We would like to take our discussion to algebraic number fields (a finite extension of the 
rational number field ) through a more general  set up where  is a finite extension of . Then 
we want to know for any place   do there exist extensions of  to  ? If so how many? 
Since our interest is on algebraic number fields we would like to answer these questions more 
carefully in the following section. We will make a significant use of this section in our main 
results. The following theorem is a careful use of some of the above results.  
 21 
Theorem 2.4.3 
Suppose  is complete with respect to an absolute value  and suppose  
 
is the minimal polynomial for . Then for  
 
the unique extension of  to  (say ) is given by  
 
 
Let  be a field with an absolute value  corresponding to the place   and let 
 be the completion of  with respect to . Let  the algebraic closure of  and let 
 be the minimal polynomial of  over  of degree . Let  and let  
 
be the factorization of the minimal polynomial of  over , the algebraic closure of . 
Now taking  where , we know that the absolute value  can be 
uniquely extend to  (say ) as  
 
Let  
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be defined by  
 
be an embedding of  into . 
Since  we have  is also a zero of . Thus we get exactly  different 
embeddings such that  
. 
Now we can define absolute values on  such that for   
 
 
 
 
Suppose  
 
 
factors into  irreducible factors in  and if  are zeros of the same 
irreducible factor then they generate the same absolute value. If  are zeros of different 
irreducible factors then they generate inequivalent absolute values. This means there are  ways 
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to extend the place  in We now state the theorems on  which is our main interest of 
the section.  
  
Let  be a algebraic number field of degree  over . Let  be a place of  and 
let  be the place of  to which  is restricted. Then the local degree of  is defined as  
 
where  are the completions of  with respect to the places  . Then we 
have  
 
We examine the two absolute values within , which are the archimedean and the 
nonarchimedean. If  is archimedean then there exist a unique absolute value  that 
restricts to the usual absolute value . If   is nonarchimedean then there exist a prime 
 such that  restricts to the  and we let    be the unique absolute 
value in  that restricts the . We now define a second 
normalized equivalent absolute value  for any place  achimedean or nonarchimedean 
as,  
 
Suppose  are algebraic number fields and . For an archimedean (or nonarchimedean) 
place  of  and for an archimedean (or nonarchimedean) place  of  such that   restricts to 
 on , we would like to see the explicit relation between  and . The following 
theorem deduced from Lemma 2.1 in proving a more general Theorem (1.1) in Chapter 9 of [6] 
gives the characterization as a summarized result. 
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Theorem 2.4.4 
Let  be an extension of algebraic number fields. Let  such that . 
Let  be an archimedean (or nonarchimedean) place of  and  an archimedean (or 
nonarchimedean) place of  such that  restricts to  on . Let   be the completion of  
with respect to  and let  be the extension of  on . 
 Let  
 
be the unique factorization of the minimal polynomial of  over , into distinct monic 
irreducibles  in . For  a root of  let  and let  be the unique 
extension of  to . Then  is embedded as a dense subfield of the complete field  by  
  with    
which is an extension of . The restriction  of  to  is an archimedean (or 
nonarchimedean) absolute value which is further restrict to  on . The absolute values 
 are distinct and every absolute value on  restricting to  on  corresponds to one of 
these. 
In the archimedean case we look at   as a subfield of the complex field . Let  be the 
number of real embeddings and the number of complex embeddings. Since the complex 
embeddings are of degree two we have  We state the following corollary to 
illustrate the Theorem 2.4.4 on the archimedean places. 
 
Corollary 2.4.4 
Let  be the usual archimedean absolute value on . Let  be an algebraic number 
field of degree   over  and let  be the real isomorphisms and 
, … ,  the pairs of complex conjugate isomorphisms of  into  we 
then obtain all the extensions  of  to  by 
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Let us look at the following example to see the explicit description of archimedean places 
on . We denote the usual absolute value on  by . 
Let  and   then  and the minimal polynomial of  over  is 
. Since  is completion of  with respect to the usual absolute value , 
we note  is the factorization over . Therefore 
for each root we get an embedding from  into  precisely by  , or , or 
, or . Note the last two complex embeddings correspond to the same 
irreducible factor and thus give the same absolute value. Therefore we get three distinct 
archimedean absolute values on  corresponding to those three irreducible factors, namely 
, as  and , 
, as  , , 
 
 as  , ,  
and the normalized archimedean absolute values 
, 
, 
  
 
 
Let  be a number field and let  be any place on  (i.e. ). Now 
let  
 
denote the set of places of  restricting to the  place on . From equation (2.4.4) we 
have the following identity  
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For  we have  
 
and by using Theorem (2.4.2) we have for ,  
 
and since  
 
we have  
 
from this we obtain the identity  
 
Let , let  be an algebraic number field containing , let  be the set of places 
of , let  be the set of places of  and for , let  be the set of places of  that 
restrict to . Then  
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This powerful result we record as the following theorem and refer to it as the product formula. 
 
Theorem 2.4.5 
Let  be an algebraic number field,  and let  be the set of normalized places of 
. Then  
 
 Now we prove the following theorem (Theorem2.4.6) with the use of the weak 
approximation theorem (Theorem 2.1.6). This theorem becomes an essential tool in our main 
theorems in Chapter 3. 
 
Theorem (2.4.6) 
 Suppose that  is a non zero element in an algebraic number field  and  a finite set of 
places on . Then there exists an algebraic integer  in  such that  is an algebraic integer 
and 
 
for each . 
 
Proof.  
Let  denote the set of primes  such that either  for some  in , or   and 
, and let  denote the set of places  on  with  for some  (in particular 
 and  for all ). By the weak Approximation Theorem (Theorem 2.1.6), 
there exists  with  
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 if  
and  
 if  
for all  in . 
Note that  
 
and  for all  . Let  denote the primes  such that  for some  
(note ). By the Chinese Remainder Theorem, there is an integer  such that 
 ) for  and  for , with the  chosen large enough so 
that  
 
for all  and , and  
 
for all  and .  
Now   will satisfy  for , ,  for , 
, and  
 
for , .  
Thus  and  for all  , and  and  are algebraic integers, as claimed. 
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CHAPTER 3 - MAHLER MEASURE AND ABSOLUTE WEIL 
HEIGHT 
3.1 The Mahler Measure  
 
Definition 3.1 
 The Mahler measure of a non zero polynomial  
 
denoted by  is defined as  
 
Here  denotes the usual archimedean absolute value on . 
The Mahler measure of the zero polynomial is zero, . If  
 
then from the Jensen’s formula we get  
 
Thus (3.1.1) and (3.1.2) gives the following lemma. 
 
 30 
Lemma 3.1 (Mahler [19]) 
 Let  
 
Then  
 
We always get  and in particular if   
 
then  . 
 
Some Properties of Mahler Measure (see [25]) 
(i) If  are two non zero integer polynomials then, 
 
(ii)  
(iii) For an integer polynomial  we define the reciprocal of  as 
 
 
Let  
 
We define the length and the height of the polynomial  
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and  
 
Letting  
 
we obtain the bounds 
 
the bounds for  as 
, 
and  
. 
It is not difficult to see that for a given  the set of polynomials in with 
 is finite. Equivalently saying that the following set  
 
Definition 3.1.2 
 For an algebraic number , suppose  is an irreducible polynomial with 
integer coefficients and . Then the Mahler measure of the algebraic number  denoted 
by ,  is defined as, . 
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For an algebraic integer , let  be the conjugates of  and define  
. 
Then we get for an algebraic integer  
 
 
Theorem 3.1.3 (Kronecker’s Theorem) 
If  has  then all the nonzero roots of  must be roots of unity. 
 
Proof. 
 Let  be all the nonzero roots of . Since  we have all the ’s 
are algebraic integers and . For any , consider the polynomial 
 
(note the coefficient  of  are symmetric rational functions of ’s thus they are rational 
integers), then the coefficients  of  satisfy 
 
Therefore the ’s are bounded for all  and thus  can take on only 
finite number of different polynomials. In particular their roots ’s comes from a finite set of 
values. Thus for any  we must have  for some . This implies that 
. 
 
Note that if . Thus we get from the above theorem if ,   
and  is not a root of unity then .  
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Definition 3.1.3 
 An integer polynomial  of degree  is said to be reciprocal if  is equal to 
its reciprocal, equivalently saying,  
 
3.2 Lehmer’s Problem 
  D.H. Lehmer (in 1933) asked the following question. 
For a given  does there exist a polynomial  with integer coefficients 
such that  
 
This is known as Lehmer’s Problem.  
If  is non-cyclotomic then Lehmer’s problem can be reformulated as, 
Does there exist a positive constant  such that 
 
The Mahler measure of the Lehmer polynomial,  
 
with  remains as the smallest known Mahler measure (other than 1) to date. 
It was first discovered by D.H. Lehmer. 
Schinzel and Zassenhaus made the first progress in 1965, toward answering the Lehmer 
problem. If  is an algebraic number with conjugates  then  
 
where  is the number of complex conjugates of . This implies that  
 
for a positive constant . Also they had the following conjecture. 
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Schinzel-Zassenhaus Conjecture 
 If  is an algebraic integer with conjugates  then there exists a positive 
constant  such that  
 
   
3.3 Some Known Bounds on Mahler Measure 
 
Theorem 3.3.1 (Dobrowolski 1979 [8]) 
 Let  be a monic irreducible and non-cyclotomic polynomial of degree  with 
. Then for each  there exist a positive integer  such that for all ,  
 
Moreover Dobrowolski claims that for   
 
Theorem 3.3.2 (Smyth 1971 [27]) 
If   is a nonreciprocal irreducible polynomial with , then  
 
where . 
J. Garza [13] proved in the following theorem that,  is 
the lower bound for some other class of polynomials. 
 
 35 
Theorem 3.3.3 (J. Garza 2008 [13]) 
Amongst all polynomials in  whose splitting fields are contained in a dihedral Galois 
extension of , the lowest Mahler measure (other than 1) is attained by . 
 
In the next section we bring our attention to absolute Weil heights of algebraic numbers 
and draw the connection between absolute Weil height and Mahler measure. This will allow us 
to restate the Lehmer Problem in a new direction which we will be referring to in the rest of our 
discussion. 
3.4 Absolute Weil Height 
 
Let  be an algebraic number field and let  be an absolute value on . Let 
 
Then we can extend the absolute value  to a norm on  such that  
 
and  
 
Now we define the homogeneous height of  as  
 
Since the homogeneous height is a well defined function on , regardless of the number field  
which contains , we have that the homogeneous height definition is independent of the field. 
This means if  then we get  
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Then by the product formula . The inhomogeneous height is 
defined as  
 
and when  we define the absolute Weil height as,  
 
Since the homogeneous height is independent of the field  containing  we also have the 
absolute Weil height is independent of the field chosen. 
To see the relation between absolute Weil height of an algebraic number and the 
Mahler measure of the algebraic number  we state the following leaam. 
 
Theorem 3.4 
 Let  be an algebraic number and let   where the ’s 
are the Galois conjugates. Then for the archimedean places we have 
 
while for a prime  we have 
 
where  is the leading coefficient of the integer minimal polynomial of . Thus  
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Proof. 
 let 
 
be an irreducible polynomial (a minimal polynomial with integer coefficients) and . 
Recall that if  is an absolute value on  and  then  is also an 
absolute value. Now take  then by the definition of  we have  
 
For the archimedean places , 
 
 
For the nonarchimedean places , recall if   then 
 
is an absolute value on . Thus  
 
 
 
Since  we have  and we cannot have all  as  is irreducible 
(otherwise p can be factored). Hence  and we get  
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Therefore running through all the primes we get, 
 
Hence  
 
 
Thus from Lemma 3.1 we have a another representation for the Mahler measure as, 
 
Now we record this result by the following theorem. The following theorem will now give us the 
relation between the Mahler measure and the absolute Weil height of an algebraic number . 
 
Now the absolute logarithmic Weil height  is defined as,  
 
and for our convenience we will be using these notations and the relations in our future 
discussions. 
 
Properties of Logarithmic Absolute Weil Height  
We state some elementary properties of the Weil height (see for example [25, pg 522-524]).  
 
Lemma 3.4.1 
For , then  (i)  (ii)  , whenever  and  are Galois conjugates 
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(iii)  (iv)  
(v) If  for some root of  unity , then  (vi)  (vii)  
 
3.5 Cyclotomic Extensions 
 We note most of the preliminary definitions and theorems in this section can be 
found in many of the text books on cyclotomic fields (see [29]). 
Let  be the algebraic closure of the rational number field . Consider the polynomial  
 
Let  
 
be the roots of  , the  distinct th roots of unity in . We view  as a subfield of the 
complex numbers . These roots form a multiplicative subgroup of  which is itself a cyclic 
group. An element in this cyclic group is called a primitive  root of unity if  generates the 
whole group and is denoted by . Thus  is a primitive th root of unity if and only if 
. This implies there are  primitive th roots of unity. Now the th cyclotomic 
field is defined as  and the th cyclotomic polynomial is defined as  
 
and denoted by . Since the case  is obvious we assume  unless otherwise 
stated. We can show that   
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is the minimal polynomial of  over  and the primitive th roots of unity are the conjugates 
of . 
 An algebraic extension  of  is called an abelian extension if the Galois group 
 is an abelian group. 
 
Theorem 3.5.1 
 The cyclotomic extension  is an abelian extension of degree  and the 
Galois group  is isomorphic to , the multiplicative group of integers mod . 
 
Since we have,  
 
we can write  
 
and  
 
where  is the m bius function. 
 
 
Let  
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be the prime factorization of the integer , then looking at the group structure of  we get  
 
We also note that  is the ring of algebraic integers in the cyclotomic field . 
 
Theorem 3.5.2 (Kronecker-Weber [29]) 
 Let  be an abelian extension of . Then  is contained in a cyclotomic field. 
 
Now we restate Lehmer’s Problem as for a nonzero algebraic number , not a root of unity 
with degree  does there exist a positive constant  such that  
 
Lemma 3.5.3 (Gauss Sum Lemma) 
 For any prime  the classical Gauss sum can be defined as, 
 
where  if  is a square modulo  and  otherwise. 
(This lemma can be found in many analytic number theory books, see Theorem 3.3 of [16])  
Let  be the primitive th root of unity , then we get 
 
concluding that . For an example let us look at the cases  and 
. When , and  is the unique 
quadratic subfield with . When , and 
 is the unique quadratic subfield with 
. 
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Definition 3.5.4 
 A number field  is said to be Kroneckerian if it is a totally real number field or a totally 
complex quadratic extension of a totally real number field. Equivalently a number field  is 
Kroneckerian if and only if for every  we have  and for every embedding  of  into 
 we have  (complex conjugation commutes with every ).  
 Since any cyclotomic field   is of degree  and  is totally real 
number in , we get  is a totally real subfield of  (in fact the maximal real 
subfield of ) and . Thus  is a totally complex quadratic 
extension of a totally real number field . We note here that cyclotomic fields (abelian 
extensions) are examples of Kroneckerian fields as they are clearly a complex quadratic 
extension of a totally real number field. It follows from the Kronecker-Weber theorem that if an 
algebraic number  lies in an abelian extension then  lies in a Kroneckerian subfield. 
 
Lemma 3.5.5 
 Suppose ,  and all the embeddings  of  into  commute with 
complex conjugation. Then 
 
Proof. 
Let 
 
where  is the complex conjugate of , and let  be the galois closure of . Since 
 we get . Therefore by the product formula we have 
 
for any positive . 
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Now for any finite place  and  we have 
 
For the infinite places , let  denote the common local degree and  denote the absolute 
value on . For any infinite place  there exists  such that  
and write  for all , where . Since 
 commutes with the complex conjugation, therefore we have 
 
and for the infinite places , 
 
 
Note by the symmetry of  we may assume that  (if  then put  yields 
the same function as  replaced by ). When  then  attains 
its global maximum at  and the minimum of the global maximum is  where 
 achieved when . Hence when  we have 
 
which implies that 
 
 
We note that from Lemma 3.4.1 (ii) and (iii),  and so . Thus we 
get , that is, 
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From Theorem 3.5.1 and Theorem 3.5.2 we get  is an abelian extension if and only if  
 for some positive integer . This becomes a useful result to us when finding 
lower bounds for abelian heights. In the following Section 3.6 we will state some known results 
on absolute height which give some significant results on Lehmer’s Problem in some special 
classes. In section 3.7 we present our results on heights in cyclotomic extensions as an 
improvement of some of the results in section 3.6. 
 
3.6 Some Known bounds on the Absolute Logarithmic Weil Height 
 
Theorem 3.6.1 (Schinzel 1973 [24]) 
Suppose  lies in a Kroneckerian field (a totally  real number field, or a quadratic 
extension of such a field) and . Then,  
 
Note that this bound holds for an algebraic number  with  which lies in an abelian 
extension by Lemma 3.5.5.  
 
Theorem 3.6.2 (P. Borwein, E. Dobrowolski, M.J. Mossinghoff 1991[4]) 
Suppose  with degree , where 
 
and suppose  satisfies . Then  
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Here  denote the multiplicity of the cyclotomic polynomial  in , and  
 
We immediately get the following results from this theorem. 
If   has all odd coefficients and no cyclotomic factors, then we get  
 
by taking  . 
For  , if  with no cyclotomic factors, yields  
 
by using . 
Also the following two corollaries from the above theorem give us some improved results. 
 
Corollary 3.6.3 (P. Borwein, E. Dobrowolski, M.J. Mossinghoff 1991[4]). 
Let  be a polynomial with degree  having all odd coefficients and no cyclotomic 
factors. Then  
 
with equality if and only if . 
Using  we get the result. 
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Corollary 3.6.4 (P. Borwein, E. Dobrowolski, M.J. Mossinghoff 1991[4]). 
Let  be a polynomial with degree  and no cyclotomic factors. Then  
 
with equality if and only if . 
Using  we get the result. 
 
Theorem 3.6.5 (F. Amoroso & R. Dvornicich1998 [1]) 
Let . Then  
1. If  is not a root of unity,  
 
where  
 
2. If   and there is no root of unity  such that  is contained in a proper 
cyclotomic subextension of , we have the stronger lower bound  
 
 
Corollary 3.6.6 (F. Amoroso & R. Dvornicich 1998 [1]) 
Let   be an abelian extension and let ,  not a root of unity. Then 
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They also observed that this lower bound cannot be replaced by any number . 
Recently Amoroso & Zannier [2] have shown more generally that if  is a number field,  is 
an abelian extension of , and , then  
 
In particular, if  lies in a dihedral extension of the rationals, then using  we see that  
 
 Garza [13] had previously obtained the bound  
 
in this situation, which is optimal with respect to Lehmer’s Problem.  
 
Theorem 3.6.7 (Garza 2008 [11]) 
Let  be an algebraic number such that  and is not a root of unity. Let  be the 
galois closure of . Let  be an embedding. Let  be the set of galois conjugates of  
that are real with respect to . Suppose that (non empty). Let  and 
. Let . Then  
 
This Theorem (3.6.7) by J. Garza is a generalization of the Theorem (3.6.1) by Schinzel. For the 
case of algebraic integers G. H hn [15] gave a shorter proof of this theorem. 
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3.7 Lower Bounds for Heights in Cyclotomic Extensions 
Here we show that the height of a nonzero algebraic number  that lies in an abelian 
extension of the rationals and is not a root of unity must satisfy   
, 
which is an improvement of the Amoroso & Dvornicich bound in Theorem (3.6.6). Suppose  
lies in an algebraic number field  of degree , let  be the complete set of places of  such that 
the normalization ensures that  for all . Here  the degree of the 
extension,  the local degree, and  on  with . 
Throughout this section we will assume that the algebraic number  lies in a cyclotomic 
extension , where  is a primitive mth root of unity, and that  is not a root of unity.  
 
Property (3.7): For a rational prime , if  then let  be defined by 
. If   then let  be a generator of the cyclic galois group 
 which is of order  depending on whether  or not, thus we 
have  for an appropriate th root of unity .  
 
Since we have the Schinzel bound  
 
if   lies in a Kroneckerian field (a totally real number field, or a quadratic extension of such a 
field) and , we also assume  for all  (  lies in an abelian extension implies 
that  lies in a Kroneckerian field). From Amoroso & Dvornicich [1] we observe that lower 
bound of height of  in an abelian extension cannot be greater than  
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Now recall the relation  
 
where  
 
 
When  with all its conjugates also lying in the unit circle, is a root of an irreducible 
integer polynomial 
 
then we get simply 
 
 
Note that the following algebraic numbers , , , and  are examples of the algebraic 
numbers on the unit circle with all its conjugates lying on the unit circle. Which provide 
examples for the later bounds to be sharp and we will discuss this in theorem 3.7.1. 
When  is a root of  then we obtain the smallest known non zero 
abelian height (note the root of  are the all 6th roots of the quadratic polynomial 
 and the roots of the quadratic polynomial lie on the unit circle. Thus  and its 
conjugates lie on the unit circle)  
 
by writing explicitly one of the roots of this polynomial in the form  
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where  
 
is a zero of  
 
Thus the roots  of  plainly lie in  We will 
show in Theorem 3.7.1 that the height 
 
is sharp when  and  for any integer . 
 
When  and  for any integer , the sharpness of the stronger lower 
bound  
 
obtained by Amoroso & Dvornicich can be achieved from the following examples. 
 First by using 
 
which has minimal polynomial  
 
or by using  
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which has minimal polynomial  
 
(Notice that , and also that  where  
 
has lower degree with minimal polynomial  
 
but of course the same height). We will show in theorem 3.7.1 that  and  shows the 
necessity of the conditions to obtain the bounds (3.7.9) and (3.7.7) respectively. 
In the case of  in Theorem 3.7.1, we also obtain the sharp lower bound  
 
 with some restrictions on the form of  with low height. For that we take the value  
 
 
which has minimal polynomial  
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We go through the following lemmas to establish our main theorems. 
 
Lemma (3.7.1) 
Let p be a prime and  be as defined in property (3.7). Suppose that   is algebraic 
integer in , , and . 
(i) If  then   
(ii) If  then   
(iii) If   then   
(iv) If   then  
 
Proof.  
For (i) (see [1, Lemma 2]), if  then let  be defined by . 
Now for any algebraic integer  we can write  for some  (since 
 is the ring of integers of ). Therefore we get 
 
Thus we have . For (ii), write  
 
 
Hence, since , 
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and for each , we have that  
 
is divisible by . 
 For , statements (iii) and (iv) are trivial. From Theorem (2.4.6), there must exist an 
algebraic integer   such that  is an algebraic integer, but  
 
for all places . Hence when  and  by (i) we have  
m  
and 
 
 
Similarly, when  and  , by (ii) we have  
 
and  
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The following lemma will be needed to describe cases when certain factors of the product   
used in the proof of Theorem 3.7.1 vanish. 
 
Lemma (3.7.2) 
Let p be a prime and  be as defined in property (3.7). Suppose that  and 
. 
(i) If   and  then  for some integer . 
(ii) Suppose that  and . If  then  with  odd, and  
. If  then  with  odd, 
 for some , , and . 
(iii) Suppose that  and . If   then  
with ,  for some , , and 
. If   then , , with  
 
for some ,  , and . 
 
Statement (i) is a classical result of Amoroso & Dvornicich (see [1, Lemma 2]). 
Proof.  
For (i), note that the Galois group  is cyclic of order  or  
depending on whether  or not. Suppose  is a generator then 
 for some primitive th root of unity . Suppose that , then 
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 for some integer . Now it follows that , 
hence  belongs to the fixed field .  
For (ii), suppose that , ,  and  with . Then writing  
with , 
 we get that    and    
If , then  with   
which forces us to get the relations 
   and   , so that . 
Thus  and  with  odd and . Since we assume that , we get  
    and    , 
which now produces  and , with .  
Suppose now that  is a root of . Recall that 
 
and that  has minimal polynomial  
 
Since   we get that  for some , .  
As  to get  in  we must have . Similarly as above if   
then we can write 
with  , and 
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 and  
Then  with  forcing , , and . 
Thus we have  with  odd and . Since , , and 
, by writing explicitly  
 
we obtain that 
 
 
Thus  , 
. Writing 
 
implies that  
 
Now we see that . 
Thus  is fixed by  and hence lies in . 
For (iii) suppose that  and . If  , then we clearly see 
that  is a root of , so that  for some , . Since 
, we must have . 
Now writing  
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for an appropriate primitive cube root of unity  and suppose if  , then  and  are both in 
 and  
Hence, writing  
, 
where  
 
we have  
 
Since we have  this forces , , and , which cannot 
occur if . So we get  and . 
For  with , we have   and , thus we get  where 
. Also we have from Lemma 3.5.3 that,   and  is the classical 
Gauss sum. Therefore we can write  and this implies that  is fixed 
by , as . Now explicitly 
writing  
 
we can clearly see  thus we have 
. 
Hence we get  . Thus  is fixed by , so it is in .  
Suppose now that  is a zero of , so that  
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for some , . Note that . Since , 
we must have . Again writing  
 
for an appropriate primitive cube root of unity . If , then  and  are in  and  
. Hence, writing  
 , 
with  
 
we have  
 
and  forces , , and , which implies .  
Thus  and . 
Similarly, when   and , since  and  we have  
 
and  is fixed by . 
 
The following lemma provides the necessary conditions to assume that the constructed element  
in the proof of Theorem 3.7.2 does not vanish. 
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Lemma (3.7.3) 
Suppose that  and , , and . Let  and  be 
as in equations (3.7.1), (3.7.2), (3.7.3), (3.7.4). 
(i) If  then    is a root of unity. 
(ii) If  and  then  for some root of unity , 
, and  
 
(iii) If  and  then  
 
(iv) If  and  then  for some root of unity , 
 , and  
 
(v) If  and  then  for some root of unity , 
 , and  
 
(vi) If  and  then  
 
(vii) If  and  then  
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(viii) If  and  then  
 
(ix) If  and  then  
 
Statement (i) is a classical result of Dobrowolski (see [8, Lemma 2.1]). 
Proof.  
For statement (i), for an algebraic number  if , then let  be the order of  
in . Then we get thus  and  is a root of unity.  
For (ii), if  and  then  and .  
Hence  has order . Since we have , we get  
 
 
 
 
which gives the relation 
 
We also get  
 
Since  has the minimal polynomial  we get 
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Thus  
 
 
For (iii), we first note that 
 
Using these identities observe that the roots of  are in  
and take the form   
 
 
, and   
Hence if  has order  and , then  
 
 
 
where  has minimal polynomial  . 
Thus  
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For (iv) and (v), observe that if  
 
or  
 
Since  and , again by Lemma 3.5.3 writing Gauss sum of , we 
get  Therefore we get  which is the 
conjugate of , gives us . Thus . Hence if  
has order  and  then  
 
producing  
, 
and  
 
and  or  for some root of unity . 
 
For (vi), observe that the zeros of    take the form  
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   and  . 
 Hence if  has order  and , then 
 
yielding  
,  
where  has the minimal polynomial  
 
and  
 
 
For (vii), if  and   then .  
Hence and  has order, then  
 
and  
 
For (viii), observe that the roots of  are in 
 and take the form   
 
 64 
 
, and .  
Hence if  has order  and , then  
 
 
 
where   has minimal polynomial  with 
 
Thus  
 
 
For (ix), observe that the zeros of  take the form  
 
 
   and  . 
 Hence if  has order  and , then 
 
yielding  
 65 
, 
where  has the minimal polynomial , with 
 and we get  
 
  
Lemma (3.7.4) 
If  or  and , then 
 
achieved at  
 
If  and , then the supremum is  achieved at . 
 
Proof. 
Writing , , it is readily checked that 
 
is maximized for   at  
 
provided , and at  when . 
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Theorem (3.7.1) 
Suppose that , , and  is not a root of unity  
(i) Suppose that  and that  for any . Then  
 
If , or  with  and , for any  where  is 
a root of , then 
 
If further  or  with  and  for any , 
   
(ii) Suppose that  and that  for any . Then  
 
If  with  odd, and  then  
 
If further , or  with  odd, and  
 , or if , then  
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Proof. 
Suppose that . From Lemma 3.7.1 we have  
 
Similarly,  
  
 , 
and  
    
for finite places . 
We consider the quantity  
 .  
Setting , then as long as  when ,  is not a zero of  
when , and  is not a zero of  when , we have . Thus, writing   
, 
where  
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the product formula produces  
 
Since  for all , we have  
 
 
and  
 
 
, 
where  
 
 
Hence  
 
When , by taking , we have , achieved at 
, producing  
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When  and , taking , 
we have , achieved at , giving  
 
When  and , then choosing , 
, yields  
. 
The restrictions on  (corresponding to the restrictions on ) needed for these bounds follow 
from Lemma (3.7.2), parts (i) and (iii). 
 
For , we assume , and take  
 
where for   
 
 
,  
and  
 
. 
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Hence, as long as , we have  
 
where  
 
 
If , then , which yields the  Amoroso & 
Dvornicich bound,  
 
If , then choosing  and  produces , from 
which one calculates  
 
Finally, when  and , taking , , and 
 and calculating  numerically, we find the bound  
. 
The conditions on  (for the various restrictions on ) follow from Lemma (3.7.2) parts (i) and 
(ii). 
 
The bounds (3.7.7) and (3.7.10) can probably be improved, but the examples  with 
 shows that the other bonds are sharp, as well as the necessity of the restrictions on the 
form of any  having smaller height.  
From Theorem (3.7.1), plainly any abelian  of height below  
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must (if it exist, and after dividing by a root of unity as necessary) have . 
Amoroso & Dvornicich also obtained the bounds 
 
We improved these bounds in the following theorem to deduce that an abelian  with height 
below  
 
must in fact have  . 
 
Theorem (3.7.2) 
Suppose that , , and  is not a root of unity  
(i) If   then    
(ii) If   then   unless  with  and  a root of unity, whence 
 
(iii) If    then    
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Proof. 
The proof is similar to the proof of Theorem 3.7.1. When  (we take ) 
we consider  
 
where  ,  
,  
and for ,  
 ,  
  
for integers . 
 
From Lemma (3.7.1) for , we have  
,  
 
 
  
for each , and  
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for each . Hence, as long as , we find from the product formula,  
 
where  
 
 
Since  is not 1 (as  is not a root of unity) or –  (as 
, we know that . For , and all the , the optimal  is readily 
determined: By Lemma (3.7.4), with , the maximum for  occurs 
at  
, 
leading to the bound  
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This is readily seen to be maximized by taking , with corresponding value of 
, producing the lower bound 
 
When  this improves upon Amoroso & Dvornicich’s bounds. For  we are already 
below their unconditional lower bound (note that when  increases such bounds weaken rapidly).  
For our bounds we will use only . 
In particular, with  we recover the bound  
 
when , with equality only possible when . 
When , we clearly have  
 
and .  
From Lemma (3.7.3), part (iv) and (vii), we may assume this also for . For , 
the choice  yields the lower bound  
. 
For , we take ,  and . From 
Lemma (3.7.3), part (ii) and (iii), we can assume . Since the zeros of  
  are  
 
and we are assuming that , we may also assume that . We carry out our numerical 
computations by programming in Mathematica and Maple. Using a hill- climbing strategy, we 
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find that for the choice  produces the 
bound  
 
For , we take  and , 
 From Lemma (3.7.3), part (iv), (v) and (vi), we may assume that 
 and . We can also assume , since the zeros of 
  are given by 
 
and we are assuming that .   
Taking , we obtain  
. 
For , we take ,  and . 
From Lemma (3.7.3), part (viii) and (ix), we can assume . Since the zeros 
of    are of the form 
 
and we are assuming that , thus we may also assume that . We find that the choice 
 gives the bound  
. 
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Note that when , taking  
 
yields  
, 
recovering the Amoroso & Dvornicich bound  without the need for their Lemma 4 
inequality, similar to the simplification in [14] of the proof of Schinzel’s theorem. Constructing 
additional auxiliary polynomials as in [9] would produce something marginally better and could 
be used in a similar way to improve the bound in (i) slightly. 
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CHAPTER 4 - HEIGHTS OF ROOTS OF POLYNOMIALS WITH 
ODD COEFFICIENTS 
4.1 Heights of Polynomials in Dm  
 
Here we will show that the height of a non-zero non root of unity  which is a zero of a 
polynomial with all odd coefficients of degree  satisfies  
 
More generally we obtain bounds when the coefficients are all congruent to 1 modulo  
for some . 
For an integer , let  denote the set of integer polynomials  whose 
coefficients  all satisfy , i.e.  
 
A Littlewood polynomial is a class of polynomials which has all its coefficients equal to . It is 
clear that  contains the class of Littlewood polynomials. For the class of nonreciprocal 
polynomials with all odd coefficients, P. Borwein, G. Hare and J. Mossinghoff [5] showed that 
 
Note that there is no better bound even if we restrict to the subclass of nonreciprocal Littlewood 
polynomials, since  is a nonreciprocal Littlewood polynomial. Now for a polynomial 
of degree  with no cyclotomic factors Borwein, Dobrowolski & Mossinghoff [4] proved 
that  
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with  
 
These constants were improved in [9] to obtain , general bounds of strength  
 
and particular values  
 
   
. 
In this section we will give a more straightforward proof to obtain bounds of the form  
 
when   is a zero of a polynomial  of degree  , but not a  root of unity. 
Suppose if  has  noncyclotomic roots , then from 
 and (4.1.1) we get 
 
where  is the degree of the non-cyclotomic part of  (the type of bound obtained in Theorem 
(2.2) of [9]). In particular when  has no cyclotomic factors or the degree of the noncyclotomic 
part is a positive proportion of the degree of  then we get a Lehmer type constant lower bound 
for . Of course we would prefer to get a constant bound for any factor of   (but this 
seems to be a much harder problem). 
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The following theorem called Capelli’s Theorem will be used as a tool in the proofs of the 
Lemma 4.1. 
 
Capelli’s Theorem 
Let  be a field. The binomial  is reducible over  if and only if either of the 
following holds. 
(i) There exist a prime   such that  for some , or 
(ii)  and  for some . 
 
Lemma 4.1  
Let  be a positive integer and define the polynomials 
 
 
where    
Then the polynomial  is irreducible over  when  is odd and the polynomial 
 is irreducible over   when  with  even or  with  odd for any 
positive integer . 
 
Proof of Lemma 4.1 
We first consider  with ,  odd. By Capelli’s Theorem 
  is reducible if and only if  is a nontrivial prime power of a 
rational number (i.e when is  odd,  for some positive  with 
 which leads to the equation ; when ,  
for some positive  which leads to the equation ). 
Observe that these differences cannot be 1, thus  cannot be a rational power. 
Therefore  is irreducible. 
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Now suppose  is reducible over  for both cases when  with   (  even) 
or when  with  (  odd). Then any factor of   must have degree 
 since the roots of  are all complex and also lie in the unit circle. We see that when 
 (  even) then we get  
    
which implies  
 
When , odd case we have  
  
implies that 
 
Now set 
 
 and let  be any root of a factor of  of degree  with leading coefficient . By the 
definition of height , we get . Thus 
. This implies  must be a th power of . Therefore when ,  even 
we get   for some integer  and prime  . But the equation  
 
is a special case of Catalan’s conjecture and does not have solutions (see [16]). Thus when , 
 even  is irreducible. Now when ,  odd we get  for some integer 
 and prime  . But the equation 
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has no solutions for   (see [21]). The only solution to the equation  is 
when   (see [18]) which gives us . Thus for any ,   odd   
 is irreducible. 
When   we have 
 
Now by Capelli’s Theorem  is reducible only if any root  (or ) of  is a prime 
power in   or  for some , i.e. 
 
Since 
 
and considering the prime factorization of any integer in  (any integer in  factors 
in to product of two primes or square of a prime or remains as a prime in ) we only get 
the possibility . But this cannot happen since we know  
where  the sixth root of unity as 
 
Since  is not a cube root in  (i.e. ) we have  is 
irreducible. 
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Theorem 4.1 
If  is a zero of a polynomial  of degree  and  is not an  root of 
unity (not an ), then (4.1.1) holds with  
, 
and  
 
 
For small  we show the following improvements: 
   
  
 . 
We note here an asymptotically less precise bound  
 
  
can be easily obtained (the even case had already been showed and improved in [9]). We remark 
that the optimal  in (4.1.1) certainly satisfies (upper bound on  can be seen in Theorem 4.2)   
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Proof of Theorem 4.1 
Suppose  is a zero of a polynomial  of degree  then  
 
for some  of degree at most . 
Now writing ,  we get  
 
Hence for all finite places  we have 
 
For  we take   
 
. 
Thus for   ,  , 
and   
giving  ,  
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,  
For integers  (the quartic factors in  correspond to  
, and the sextic to , we thus have 
, 
. 
Hence we have  
, for . 
Now For  and  we observe that  
 
with . 
Hence for   
 
where writing ,  
 
with  
 
We want to apply the product formula to our constructed element . Thus we need to justify 
that . By the assumption that  is not an  root of unity we have , 
and from (4.1.4) we observe that clearly . 
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We also observe that the factors 
,  
,  
,  
  
and  
 ,  
 
(the factors of 
 ) are all irreducible of degree more than . To see this, observe that 
each of their roots lie on the unit circle having the same non-trivial height. So the lead 
coefficients of each factor would need to contain all the primes in the original lead coefficient. 
Since  has degree at most ,  cannot be a zero of any of these factors and thus these remaining 
factors cannot vanish.  
Therefore by the product formula  
 
Now we recall that 
 
which gives us  
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Since , we get 
 
and therefore 
 
The choice  and numerical computation of  gives the lower bound  
  as desired. 
For  taking  in place of  immediately gives  
. 
 
For general  we take  
 
, 
 
and  
 
For all finite places  we have  
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and  
. 
 
For  and  writing , where  is the reciprocal of 
, we have  
 
 
Again to apply the product formula we assume that  then we get  
 
and  
 
Now we must show that . First we will show . When  is even from 
our assumption  and  
 
from (4.1.3) we know that  
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Hence for  we must have , otherwise from (4.1.6) we get . Thus , 
for  even. For  odd  is irreducible by Lemma 4.1, so cannot vanish at  (which has 
degree at most ). Therefore in both cases we have . Since we have , we 
recall Lemma 3.7.4 with  
 
Therefore when  and  
 
then 
 
achieved at  
 
Thus when  (and  when  is odd) we get   
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and  
 
Now optimally taking  it follows that, 
 
Now we will show . First if  or  then , otherwise  will 
imply that 
 
which will contradict the above bound. Thus we have  for  or . We need to 
show that  when  for  odd or   for  even. Now we also have from 
Lemma 4.1 that  is irreducible, which leads to . 
By converting to cosines we have  
 
with  
, 
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, 
and  
  
where plainly  will be achieved at  or at zero of  
 
For example, after numerical computation and experimentation, the choices  
 
  
give us   . 
For the asymptotic bound we take a sequence of  with  
 , 
for constants  which will be chosen optimally below. Hence  must be achieved at 
 
where  
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or at  when  is odd. Writing  
 
where , leads to 
 
or  
 
if this is smaller when  is odd. For a given choice of  we can choose  to make these  
quantities equal. Choosing (after numerical experimentation)  and 
calculating   gives the desired asymptotic bound. 
To obtain the improved values for  to 11 stated in the theorem we take  
 
with  or 5 and the auxiliary factors , and choice of exponents  given in Table 1. For 
these  we have  
 
 and (4.1.5) holds as before (as long as .  
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We can argue as above that  by irreducibility (and for  that 
 the previous lower bound and  that 
 ). 
Additional factors could probably be added to the auxiliary polynomial  in the style 
of [dub2] for further improvements. The choices  
   and    
similarly recover the values  
   and    
for  respectively (and using the auxiliary polynomials of [9] for  gives the improved 
values stated there). 
 
 
4.2 Finding upper bounds on the constant cm 
Definition 4.2 (Salem Numbers & PV Numbers) 
 A real algebraic number  is said to be a Salem number if all the conjugates of  lie 
in the unit disk with at least one on the unit circle. Suppose  are the conjugates, 
so that  for all  and  for some . Then they take the form  and 
all the other  giving . If all the conjugates of , lie inside the unit disk then  
is called a PV-number (Pisot-Vijayaraghavan number). That is  for all . The 
smallest known Salem number is given by the Mahler measure of the Lehmer polynomial  
with . The smallest PV (Pisot-Vijayaraghavan number) number is given by 
(see [26]). The smallest Littlewood PV-number is the golden ratio. 
It is well known that every PV-number is a two-side limit point of Salem numbers. Borwein et 
al. (Theorem 6.2 of [4]) showed, the smallest Littlewood PV-number is a limit point from both 
sides, of Littlewood Salem numbers. 
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Theorem 4.2.1 
If (4.1.1) holds for any non root of unity  that is a zero of a polynomial  of 
degree , then  
 
(even if we further restrict to Littlewood Polynomials),        (4.2.2) 
 
For general         (4.2.4) 
Remark: It is not clear what should be the optimal constant  in a bound of the form 
. 
Proof of Theorem 4.2.1 
Since as shown in (Theorem 6.2 of [4]) the golden ratio is a limit point of Salem numbers 
with Littlewood minimal polynomials 
 
we note that the optimal  certainly satisfies (4.2.1).  
Suppose that . For (4.2.4) we take  and  
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with  
 
Since  
 
it is clear that the  have real roots  with . Notice that  
does not vanish at  or any  root of unity (so by the theorem can have no cyclotomic 
factors). Since  
 
changes sign it must have a zero  in each interval  
 
and the remaining  zeros  of  all lie on the unit circle. Since  
has no monic factors with all roots on the unit circle these  are irreducible with  
 
For (4.2.2) we similarly consider  
 
with real roots  and no roots at the  roots of unity. Writing 
  and observing that  
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has sign changes in each of the intervals  
 
(and removing the introduced 4th roots of unity) the remaining  zeros of  all lie on the 
unit circle.  
For (4.2.3) we take  
 
 
with real roots  and no roots at the  roots of 
unity. Writing  
 
and observing that  
 
has sign changes in each of the intervals  
, 
(and removing the introduced 6th roots of unity) the remaining  zeros of  all lie on 
the unit circle. 
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Table 4.1.1 Auxiliary factors and exponents 
 
 Auxiliary factors     
3   
   
   
5   
   
   
6   
  
 
 
 
7   
   
   
8   
   
   
9   
   
10 
 
 
 
 
 
11   
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